JOURNAL OF COMPUTATIONAL PHYSICS 98, 217-230 (1992)

Numerical Computation of 2D Sommerfeld Integrals—
A Novel Asymptotic Extraction Technique

SteVEN L. DVORAK

Electromagnetics Laboratory, Department of Electrical and Computer Engineering,
University of Arizona, Tucson, Arizona 85721

AND

EpwARD F. KUESTER

Electromagnetics Laboratory, Department of Electrical and Computer Engineering,
Campus Box 425, University of Colorado, Boulder, Colorado 80309

Received April 6, 1990; revised January 29, 1991

The accurate and efficient computation of the elements in the
impedance matrix is a crucial step in the application of Galerkin’s
method to the analysis of planar structures. As was demonstrated in a
previous paper, it is possible to decompose the angular integral, in
the polar representation for the 2D Sommerfeld integrals, in terms
of incomplete Lipschitz—Hankel integrals (ILHIs} when piecewise
sinusoidal basis functions are employed. Since Bessel series expan-
sions can be used to compute these ILHIs, a numerical integration of
the inner angular integral is not required. This technique provides an
efficient method for the computation of the inner angular integral;
however, the outer semi-infinite integral still converges very slowly
when a real axis integration is applied. Therefore, it is very difficult to
compute the impedance elements accurately and efficiently. In this
paper, it is shown that this problem can be overcome by using the 1LH|
representation for the angular integral to develop a novel asymptotic
extraction technique for the outer semi-infinite integral. The usefulness
of this asymptotic extraction technique is demonstrated by applying it
to the analysis of a printed strip dipole antenna in a layered medium.
© 1992 Academic Press, Inc.

1. INTRODUCTION

Monolithic microwave and millimeter-wave integrated
circuits (MMICs) comprise an emerging technology with a
wide variety of applications in the field of computers,
remote sensing, signal processing, and communications.
Due to the planar geometries that are inherent in most
passive MMIC structures, the spectral domain technique
can often be used for their analysis.

The spectral domain technique is a very general method
which can be used to construct an “exact” integral equation
for planar geometries [1]. The structure can have an
arbitrary number of layers, where each layer is charac-
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terized by a thickness, permeability, and a complex permit-
tivity, which enables losses to be accounted for. It is
a very powerful technique since it accounts for radiation
and mutual coupling effects. These effects are very impor-
tant for the accurate analysis of densely packed MMIC
circuits. :

After the integral equation has been formulated for the
problem, the next step involves solving for the unknown
current distribution on the structure. An approximate solu-
tion can be obtained by employing the method of moments
(MOM). This method involves approximating the integral
equation for the structure by a set of linear equations which
can then be solved using standard matrix techniques.
However, before the system of linear equations can be
solved, the elements in the impedance matrix, which can be
represented in the form of two-dimensional (2D) Sommer-
feld integrals, must be computed. It is important to develop
efficient techniques for the calculation of the elements in the
impedance matrix since this task usually requires a large
percentage of the total computation time in a MOM
problem.

As was demonstrated in [2], application of Galerkin’s
method to printed circuits in planar geometries involves
filling an impedance matrix whose elements have the
general form [2, (7}], where the angular integral is given by
[2, (8)]. This is the spectral domain representation for the
impedance elements. As is noted in [2], the impedance
elements can also be represented in the spatial domain. The
spatial domain representation involves a 4D spatial integra-
tion of the Green’s function for the problem.

The integral in [2, (7)] will be referred to as a 2D
Sommerfeld integral since the angular integral cannot be
expressed in terms of Bessel functions like it can in the case
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of the 1D Sommerfeld integrals found in the Green’s func-
tion [3-6].

Reference to [2, (7), (8)] shows that efficient techniques
must be developed for both the inner angular integral and
the outer semi-infinite integral. The problem concerning the
accurate and efficient computation of the angular integral is
addressed in [2]. In that paper, it was shown that the
angular integral can be decomposed into a finite number of
incomplete Lipschitz—Hankel integrals (ILHIs) which have
the general form [2, (21)]. Therefore, the angular integral,
in a 2D Sommerfeld integral, can be represented in terms of
special functions just like in the case of the 1D Sommerfeld
integrals (ie., the spatial domain Green’s function).
However, the ILHIs are more difficult to compute than the
Bessel functions that were obtained in the case of the 1D
Sommerfeld integrals.

It turns out that the decomposition of the angular
integral in terms of ILHIs not only yields an efficient techni-
que for the computation of the inner integral, but it can also
be used as the starting point for the derivation of a novel
asymptotic extraction technique (AET) for the outer semi-
infinite integral. The general idea is to use the series expan-
sions for the ILHIs, that were derived in [7] and used in
[2], to find an asymptotic expansion for the integrand of
[2, (7)] which holds for large values of the spectral variable
A, and which when integrated from some lower limit L to
infinity can be efficiently calculated. If this can be accom-
plished, then numerical integration will only be required
over the range from 0 to L, thereby significantly improving
the efficiency of the algorithm. A novel AET will be derived
in this paper using the procedure which is described above.

It is very important from a computational point of view
to find some method for handling the asymptotic portion of
the semi-infinite integral since the integrand only decays
algebraically for large values of the spectral variable 2 when
a real-axis integration is used. Using an AET not only
improves the computational efficiency, but it also improves
the accuracy of the final result.

AETs are used in [ 3-6] to improve the efficiency for com-
puting 1D Sommerfeld integrals. The comparisons between
the quasi-static and dynamic fields that are given in [4]
show that the accuracy of the static approximation depends
on the parameters in the problem. Therefore, the upper limit
at which the integral in the AET is truncated also depends
on the parameters in the problem. The most important
parameter is the distance to the necarest interface. The
authors of [5] demonstrate that the AET can be used to
lower the value of the upper integration limit; however, no
results are given for the amount of CPU time saved by using
this method. The techniques illustrated in the above papers
are less involved than the technique which will be developed
in this paper, since they only deal with 1D integrals, but the
idea is the same.

In [8], the author takes this procedure one step further.

DVORAK AND KUESTER

He applies an AET to the 1D Sommerfeld integral, and then
also carries out the four-dimensional surface integration
that is required to compute the asymptotic portion of the
impedance element. This technique was developed for pulse
basis functions.

An AET can also be applied to the 2D Sommerfeld
integrals that are encountered in the spectral domain
representation of the impedance elements [9, 10]. Pozar
shows in [9] that a homogeneous-space term can be
extracted from the integrand, thereby yielding a integral that
converges more rapidly. We will refer to this method as the
homogeneous-space term extraction technique (HSTET).
Later, we will compare the AET that is developed in this
paper with the HSTET.

We will make a number of references to [7, 11] in this
paper; however, the material that is contained in these
papers can also be found in [12].

2. BACKGROUND MATERIAL

As was demonstrated in [2], the angular integral in
[2, (8)] can be decomposed in terms of a new integral .4
[2, (17)]. It was also noted in Appendix A.7 of [2] that the
correct result for .# is obtained if fg is used in place of .4, in
the expression for .4, [2, (20), (72)]. Expressing .#, in terms
of fg simplifies the expressions in the AET. Taking advan-
tage of this, we can use the results in [2] to show that

</¢1(k,49 /L X, 0’ (O’ 0’ S35 1))

! 2
=§ Z (_l)q{[2+4cosz (kAd)] ‘fli(kAa’L X, qu,S)
g=0

+ i [ —4cos(k ,d)]?>~ 7"

x Fyk 4» 3 X+ pdy G20, ) s _ 0.0.5.1)> (1)
where 3, means to sum over all p excluding p =0.

After decomposing the angular integral in terms of ILHIs,
the series expansions that are derived in [7] are used in [2]
to compute these ILHIs. These series expansions will also be
used in the AET which is developed in the next section.

3. ASYMPTOTIC EXPANSION
OF THE INTEGRAND

Before we start the analysis, it is useful to define the
following quantities for S= (0, 0, S5, 1):

SR =22{[/1"(,0) = f3V(4,0)1D,|s,-0

+f(2“)('19 O)Dn|53=l} (2)
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and

Fis(d x, p)=F (2 R{A(A, x, ,0, 1)}

+ A0 R {fa(a, % 9,0, %—)}

+f53)(z>m{xz(z,x,y,%)}. 3)

The contribution to Z,,,, which is due to large values of the
spectral variable A, can be separated out from [2, (7)] by
defining a new integral (see [2, Table III, (47), (48), (72),
(73)1, (1}, (2), and (3))

) 1k,
Z(L)= 8[;;sm—kc;'—):l Z (—
x [2+4cos®(k,d)]

e[ { s . q0)

2
+ Y [—4cos(k,d)]*~ '

p=-2

X sl %+ pd, qzv)} i, )

where L is chosen large enough that the asymptotic expan-
sions, which are derived in Appendix A, will provide the
desired accuracy for the integrand.

We will start the analysis by looking at the asymptotic
behavior of 7,,. Referring to [2, (10)], we find that

Tpg= —JA/ 1=k, /A2

242 8A* )

ki Kk
~ —jA [1 - Ay 0(2’6):'.
In order to find the behavior of the reflection coefficients for
large values of 4, we can substitute (5) into [2, (12), (14)],
yielding
ITg0) oc TP oc Jle™ ;A Ikl (6)
If we assume that only non-magnetic materials are present
in the problem (i.e., u,, = po), then we can use [2, (9), (16)]
along with (6) to show that the asymptotic expansions,

S0, 0)~ 5
(7)
(03, 0)~ Az(r:l;c‘;.o:lfr_jlukﬁ)’
hold when 4 is large enough that
je =24t < Lx 10750 (8)
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where SD is the desired number of significant digits.
Furthermore, substituting (5) into (7) enables us to write

(k3 +K2,)
4,2

Jopy {1

100, 0)~55

(k%) + K3k +k4—11)}
814
9)
(ki +k% )

20K, K2,

k‘ltlkill }
i4(k%l + k2—11)2

f(zu)(i, 0) ~ — JWHy {

l(kf1+k2_“)
kG ARG E R )
814

An asymptotic expansion for .£#{”(i) can now be
obtained, using [2, Table I11], (2), and (9),

i (1) (1)
FW) ~ —JOUo “) cy cy
12(4) ——_x“(kﬁJrki“) ot (10)
i {5) (5)
£ 1)~ JOo ) c_ <5
O T 1 T (D
i ¢
L ye— {<9>+ ‘2} P
W ROk, + ) 72 (12)
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=1
kS +k* )
Cll) 2k2 (11 —11
k3, + K )
k) (13)
_+_
_k2 [3k2 11 ll:l
o DR Y SN
— (k?l+k%lk2—ll +k4—ll) k4 k“_“
8 (kf1+k2—11)’
2 k2
c35)=(k“+2 7“)—kf{
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k3 4+ k2
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o (KL KK KSR, ) — 2K5] 15)
2 16
k4 k4 (kz +k2 )2
+k2|: 11" —11 _ 11 —11 :'
Lk R ) 8
Ak, +EkY ) (kKR
_ 14 11 11 11 —11 8k6
‘[(k%wk%) 2 ]* .

The next step is to obtain an asymptotic expansion for
4,5, which when integrated from L to co, as is required in
(4), can be represented in terms of special functions. This
will involve finding expansions for ., .%,, and .4,,. Expan-
sions for these three functions are obtained in Appendix A.

Referring to (3), (10)}-(12), (56), (59), (60), (64), (66),
(68), and (69), we find that in order to evaluate Z;,, (4) we
need to evaluate integrals that have the general form

: © J (Ar
Jm,n(L’ r) =J; %dj’

(16)
If we carry out all of the expansions in 4 to the same order
as in (5), then we will need to compute j, (L, r) for
m=3,4,.. 10and n=0, 1, ... Therefore, all that we need to
do is find an efficient way to compute integrals which are of
the form given above. Since we will need to compute a
sequence of these integrals, it is beneficial to use a
recurrence algorithm. We have found that the recurrence
relation

(n+1+m)
mjm,n+z(L, r)

_2nt1) Ja(Lr)
T (n+l—-m) L™ (17)

jm,n(L’ r) -

is well suited for this purpose. The above recurrence relation
can be obtained by rearranging [13, (11.3.6)]. Examining
(17), we find that this recurrence relation decouples when
n+ 1 —m=0. At this point, the recurrence relation can be
rewritten as

Jn{Lr)

e (18)

jm,m+ I(L’ r) =

Before we use (17), we must determine in which direction
the recurrence is stable. In Appendix B, we show that (17)
can be used stably in the forward direction for all values
of m and Lr. When the recurrence relation decouples at

DVORAK AND KUESTER

the point n+1—m=0, (18) can be used to restart the
recurrence. Therefore, if we can find a way to obtain the
starting functions j,, o(L, r) andj,, (L, r)form=3, 4, ..., 10,
then we can use (17) in the forward direction to obtain
Jma(LyF)forn=2,3, ...

Using [13, (11.3.4)], we can show that

jm,n(L’ r) -

(m+n+1),
r Jm+1,n+l(Ls r)

_ Jn+ I(Lr)

o (19)

We are interested in using (19) for the two special cases
where n=—1and n=0:

: m Jo(Lr)
]m,l(L’ r)+——]m+l,0(Ls r)= 0 m
r rL
1 Ji(Lr) )
. m+1 r
jm,O(La r)_ _]m+1,l(L: r) = - l—m
r rL

This shows that once the two starting functions, j,, o(L, r)
and j,, (L, r), are obtained for one value of m, then the
recurrence relations in (20) can be used to compute the star-
ting functions for the other values of m. As is shown in
Appendix B, the recurrence relations in (20) can be used
stably in the forward direction to compute j,, (L, r) for
m=mg, +1, mp.,.+2,..,10, and backward recurrence
can be used stably form=m,_,, — 1, m,, —2, ..., 3. Thus, if
we can find some way to compute j, oL,r) and
Jmua,1(L, 1), then we can use (20) to compute the starting
functions for the other values of m. This task is carried out
in Appendix C.

4. COMPUTATION OF |? #,5(4, x, ) di

Now that we have developed all of the required tools, we
can construct an efficient algorithm for the computation of
j,‘f Hi5(4, x, y) di, where £ is defined in (3). Once we can
compute this integral, then (4) can be used to compute
z:,(L).

Up to this point, we have not specified a value for L. If we
carry out all of the expansions to the same order of accuracy
as in (5), then we will obtain SD significant digits in the

expansions provided that L satisfies the following
inequality:
I:maX(k“’f_u’kA):l6<%X10SD‘ (21)

The inequality in (8) gives a second constraint for the choice
for L:

eAZLmin(zu,—z_u) <%X 10~SD.

(22)
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We will choose the minimum value of L that satisfies the
above two inequalities.
The first integral that we will look at is (see (3))

Jm S R{A(4 x, 5, 0,1)} di. (23)
L

Referring to (10), (16), and (56), we find that

|7 ARG RS x, 3,0, 1))

L

—p2ropy & o) .
S it B Y (L,
(k§,+kill)i§0’ s aiills 1)

~2 T (=1 sinl(2k+ 1) 06d s L)}
k=0
(24)
This series will not converge until 2k + 1 > Lr (see (76) and

(78)). In order to investigate the convergence of (24), we can
use (78) to show that

2)  Tk+i+572)
2k +1>Lr.

1 <r>32i1"(k—i— 1/2)

Jas 212+ (L, r)~;
(25)

This shows that when summing over & in (24), the series will
converge more rapidly when i = 2 than when i = 0. Actually,
we have found that there are numerical problems associated
with summing the series over k for i =0 and i = 1. Therefore,
we will attack the problem from a different angle.

If we define

© e/ Jeo(j cos O, Ar)

Ha(x, ysn) =f di, (26)

2 1
L /Ln+

then it can be shown that (see [2, Table I1I] and (10))

[ #00) RA G x, 0.0} a2
L

__—!M : A)f,.:
_(kfl_*_kz_ll)igoci {r]3+2i,1(L, r)

—ysinfp R{Au(x, 3 24+20)} ). (27)
Now, comparing (24) with (27), we find that
R{S5(x, y; 2+ 20))

2 S
= z (=1

sin 84 2,

xsin{(2k + 1) 661 j3 1 2520 + 1(L, 7).

(28)
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Using numerical tests, we found that this expansion can be
used to compute #,(x, y; 6).

Next, we need to find an efficient way to compute
Fix, v;2+2i) for i=0 and i=1. We will develop a
recurrence relation for this purpose. When x # 0, we can use
integration by parts, where u = Jey(j cos 8, Ar)/A"* ! and
dv= e’ dji, and [2, (21)] to show that

j ejo
St yin) = {Eos et os . L) = (4 1)

x #0.
(29)

XX, ysn+ 1)+ 1j, 4 10(L, r)};

We only need to compute R{.#,;(x, y; n)} for even values of
n, therefore, we can use (29) to show that
R{x2A0(x, y;n) + (n+ 1)(n+2) F5(x, y;n+2)}
=(n+1)1j, 0L, r)
+ [(n+1) R{e/Jeo(j cos By, Lr)}
— Lx3{e/™Jey(jcos by, Lr)} /L2 (30)

When x =0, we can rewrite (29) as

171 .
o0 yim) = | T o0, L)+ il L) |- 31)

Before we can use (29), we need to perform a stability
analysis. The homogeneous solution of (29) is given by [14]
(Jx)

I, yin) = ;
17(x, y; n) T(n+1)

(32)

and an index of stability for forward recurrence is given by

Fia(x, y; k) I B(x, y; n)

k =
ol )= i) # (v k)
P17(n)
- Pt} (33
o (k) )
where
Ja(x, y;0) I B(x, y; n)
n)= . 34
pirln) S, 3 1) (34)

We need to obtain an approximation for |4 ,(x, y; n)|
before we can use (33). This can be accomplished by sub-
stituting [7, (77)] into (26):
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© ejlx
ol yim)| ~[esc 8 |~ s a2

2 2 © o3 n
\/;csc OOL i [cos <ir—z)

X jcos f,—sin (Ar— %)] dA

3

min(Lr, Lr [cos 8, + 1|} > 0. (35)

When min(Lr, Lr [cos 6,4 1]) > 1, we can use (96) to show
that

csc 6
i, ys )l ~ | 55 (36)
Now, we can use (32), (34), and (36) to show that
| Lx]”
~ : L .
Pt~ 1LA>0 (37)

We can also show that (37) still holds when |cos 6| ~ 1 by
substituting [7, (80}), instead of [7, (77)], into (26).

Referring to (30), (37), and [7, (106)], we find that once
#4(x, y; 6) has been computed, we can stably use (29) in the
backward direction to calculate .#,(x, y; 4) and .#,(x, y; 2)
when |Lx|>70 (see [14] for details of the stability
analysis). When |Lx| <7.0, we can still use backward
recurrence, but accuracy will be lost. However, this loss of
accuracy will not cause problems for the applications which
are presented. Therefore, we can use the results in this
section to compute the integral in (27).

The next step is to determine how to compute

oo k
j SO R {J&, <,1, x, 5,0, 7")} di
L

oo k
[ s {faz (z, %9, 7)} d.
L

When the inequality in (63) holds, we can use the
asymptotic expansions in (59) and (60). On the other hand,
when the inequality in (63) does not hold, we will have to
use another method to compute (38). When x =0, we can
use the convergent series expansions in (64) and (66).
Finally, when the inequality in (63) does not hold and x #0,
we will make use of (68) and (69). In order to do this, we
split the integrals in (38) into two pieces,

f{}di:f{}dﬂf{}d& (39)

where

L= % In (2 /2% 105P). (40)
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For values of x that are of the same order as y, L’ will be the
smallest value of 4 that will satisfy the inequality in (63) for
4> k 4. Therefore, the second integral on the right-hand side
of (39) can be computed using (59) and (60). Now, if we
substitute the convergent series expansions, (68) and (69),
into the first integral on the right-hand side of (39), then the
evaluation of this integral involves the computation of

FomnLs L'y 1) = i (L', 1) = Jom (L, 7). (41)
We can use a modified version of (17) to compute
Jonn(Ls L', r),

. , (n+1+m) ,
jm,n(L9L9r)_ (n+1_m)Jm,n+2(LaLar)
_ 2n+1) [JLr) T, (L)
*r(n+1—m)[ L~ wy ] (42)

however, we must first perform a stability analysis. Since we
have not changed the homogeneous equation, (72) and (73)
will still hold. When n < Lr, we can obtain an approxima-
tion for j,, (L, L', r) by substituting (76) into (41). Since
Jmn(L, L', r) has the same kind of behavior as j,, (L, r)
when n <€ Lr, we conclude that (42) can be used stably in the
forward direction. On the other hand, when n> L'r, we can
use [13, (9.3.1)] to show that

n [(Lf)n+1~m__Ln+l~m]
S2an(n+1—-m)

Therefore, we find that (42) must be used in the backward
direction when n> L'r. We have found using numerical
tests that forward recurrence can be used to compute
Jmn(L, L', r) for n=0, 1, ..., m, and backward recurrence
canbeused forn=m+1, ...

JunlL, L, F)~ (%) 3)

5. REFLECTION PROPERTIES
OF |7 As(4, x, y) di

We will look at the reflection properties for
{7 HAs(4, x, y) dA in this section. However, first we will look
at the reflection properties of .#,5. Using the results in [2],
(2), and (3), we find that

'fIS(ia —X, }’)
21k

Nz

x {sin(AF, r)+sin(AF_r)} —

=”¢15(ls X, ,V)“ fﬁ)(i)

23
(A2 — k%)

x {/1—F? cos(AF  r)+./1—F> cos(AF_r)}.

(44)

SR
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This expression can be further simplified by applying [13,
(4.3.34)-(4.3.37)]

<¢15(i> —X, )’)

4 .
=“¢15(}'9 X, }’)+—2—2‘f(13)(}.) Sln(kAX)
VAT =k

4732
x cos(y /A2 —kZ)— i

(A2 — k%) £ 3(A)
x {k 4 ysin(k 4x)sin(y /A* — k%)
+x \/A?— k% cos(k 4x) cos(y /A2 —k2%)}.

When y#0, we can integrate both sides of (45) with

(45)

respect to A and apply the change of variables,
u=y /A*—k?, thereby obtaining (see (10)-(12))
J| ths —x.3) di
T Kk, + k)

—x cos(k ,x) c‘s)]

Mm

sin(k ,x) c®
k 4
cos u du

lew (Z>2'+3
e \u C1+ (K, y/u)*] 2

. 2i+4
—k  sin(k ,x) c,<.5>f (5)

8 sin u du } £0
SR ] A

where u'=y./L*—k%. When i>k,, we can use [13,
(3.6.9), (6.1.22), and (6.5.3)] to obtain the expansion

jj Sl

=" st x,y)

(46)

, —X, y)dA

J2nwpg 2

- v (_
T PPN

F(n+i+3/2)
Tn+1)I(i+372)

sin(k ,x) c®
§ {[ Ka

+

2n+2i+3

xy

— x cos(k 4x) c(s’:l

1 r© cosudu _
© sin u du
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Referring to (91), we find that the integrals in (47) can be
represented as incomplete gamma functions. Actually, the
results in Appendix C can be modified and used to compute
the incomplete gamma functions in (47).

We will have to obtain another expansion for the special
case y =0. We start by integrating both sides of (45), where
y is set equal to zero:

[ st —x, 0 a2
L

2

Prop, Z

=" syt x, 0)di+
‘[L 15( * ) ki(kfl'*‘kz—n)i:o

l:sin(kAx)
X

¢ — x cos(k 4x) cﬁs)}

o dA
ij /'LZi+3 /1 _ (kA/A)2

When A»k,, we can use [13,(3.6.9) and (6.1.22)] to
expand the square root in a power series, and then we can
integrate term-by-term, yielding

(48)

[7 a5t —x 0 i
L

* Jrop,
=| His(4, x, A+
|, A 0)d +ki<kf,+k2_,,>

X ¢® — x cos(k 4 x) c(s)]

P
 § Gl T

T+ D rUR)mtisn e @

6. COMPARISON WITH THE HSTET

Now we will compare the AET which is developed in this
paper with the HSTET which is used in [9, 10]. In order to
apply the results in this paper, the lower limit of integration
in (4), L, must satisfy the two inequalities in (21) and (22).
We would like to choose L as small as possible, since it
corresponds to the upper limit of integration in the numeri-
cal integration routine that is used to compute [2, (7)]. The
inequality in (22) is required for the approximations in (7)
to hold. A similar approximation is required in the HSTET;
therefore, the inequality in (22) applies to both methods.

If we carry out all of the expansions in this paper to the
same order of 4 as in (5), then we will obtain SD significant
digits in the approximation for the integrand of (4) provided
that the inequality in (21) is satisfied. In [9], the asymptotic
form for @ [9, (8)] can be obtained from [9, (6)] by using
what is equivalent to the first term in the expansion (5)
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(Pozar’s k, and k, correspond to 7 __,; and t,, respectively).
Therefore (see [9, (8) and (13)]),

Q_QQh<%x 105D, (50)

for all § > L provided that

The two inequalities in (21) and (51) can be used to find
the approximate upper limit of integration, L, for the
numerical integration routine. The inequality in (21)
corresponds to a relative error bound for Z7,,

ze, ~Z5 1
mn mn <= 1 —SD
—-—ann 7% 0", (52)
where /ZE; is the approximation which is obtained for Z?¢
by using the results in this paper. A more appropriate error
bound would be

ze _7e |
S < X107 (53)

mrn

however, this error bound is more difficult to use and does
not provide insight into the problem. Therefore, we will use
(21) and (51) to compare the two methods. Table I shows
that carrying out more terms in the expansions, as is done
in the AET, significantly reduces the ratio [L/k,,] (where
k,,=max(k,, k_;, k) and k,, = ko /¢, = max(k,;, k_,;)
for the AET and the HSTET, respectively) which is required
to satisfy (21) and (51). Therefore, a smaller upper limit of
integration and a correspondingly lower number of sample
points will be required if the numerical integration routine
is used in conjunction with the AET, instead of the HSTET,
to compute the semi-infinite integral in [2, (7)]. In order to
ensure that the desired accuracy is achieved, we will use a

TABLE 1
[L/k,,] Required for a Given Accuracy

No. of significant digits

SD
2 3 4 5
k. |® 1
ml «—x10-5P 242 355 521 765
L 2
k, > 1
f’" <§><10-SD 141 448 1410 4470

value of L that is one and one-half times greater than the
minimum value of L which is found using (21) and (22).

The HSTET also requires that the expansion mode
wavenumber, £, (see [2, (5)]), be chosen as

kAzke=CU\/ﬂo(511+3711)/2~ (54)

As Pozar points out in [9], “The use of &, as the wavenum-

LdgC 111 1€ImMS 01 OVeTdll CONnVErgence oI 1€ moment meuoa
solution for microstrip patches. As discussed in [15] and
[16], the number of expansion modes needed for con-
vergence of the input impedance of patches can be
significantly reduced if an expansion mode wavenumber is
chosen to correspond to the effective dielectric constant of
the microstrip medium. This wavenumber is basically the
same as k, for thin substrates, but may differ for thick sub-
strates, in which case the moment method solution using k,
will require a larger number of expansion modes for good
results. In other words, the number of expansion modes
needed for a given accuracy depends on the choice of the
expansion mode wavenumber, and %, is not always the
optimum choice.” In comparison, we are free to chose
the optimal value for &, in the AET.

When the HSTET is applied to a thin dipole antenna, Z”
can be represented solely in terms of exponential integrals
and other elementary functions [10, (18)]. However, an
integration of the filamentary PWS modes across the width
of the dipole is required for wide dipole antennas. On the
other hand, the expansions which are given in this paper can
be used for dipoles of any width; therefore, no numerical
integration is required with the AET to obtain an
approximation for Z¢ .

As we have shown in this section, there are a number of
advantages associated with using the AET as compared
with the HSTET. The major disadvantage of the AET lies in
the complexity of the expansions.

7. NUMERICAL RESULTS

In order to demonstrate the power of the AET, we will
use it in the analysis of a printed strip dipoie antenna in a
layered medium. In [2], the technique of decomposing the
angular integral, of the 2D Sommerfeld integrals, in terms of
ILHIs was used to obtain the current distribution on a
printed strip dipole antenna in a hyperthermia applicator. It
was demonstrated in [2] that significant improvements in
the computational efficiency can be achieved by employing
this technique instead of using a numerical integration
routine to compute the angular integral. Now we will show
that application of the AET dramatically improves both the
computational accuracy and efficiency of the outer semi-
infinite integral in the 2D Sommerfeld integrals.

1 ber for the PWS modes. however. is sometimes a disadvan-
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The hyperthermia applicator which will be used to
demonstrate the AET is described in [2, Section 3]. We will
use the same parameters as were used in [2] so that we can
compare the results obtained in this paper with those
obtained in [2]. The amount of computation time required
to solve for the current distribution on the dipole antenna
when the AET is employed is given in Table II.

When brute force numerical integration is used to com-
pute the outer semi-infinite integrals, the integration proce-
dure must be truncated at some upper limit L. In [2], this
value of L was chosen by trial and error. This procedure is
very inefficient. When the AET is employed, on the other
hand, the truncation point for the numerical integration is
chosen to be one and one-half times greater than the mini-
mum value of L required in (21) and (51). For the problem
under consideration, L = 1485.52. This truncation point is
much smaller than those required in [2], therefore, fewer
integration points will be required for the computation of
the semi-infinite integral when the AET is employed. We
will see that this leads to dramatic reductions in the com-
putation time.

The first column in Table II shows the number of basis
functions that were used on the antenna. Antennas of two
different lengths were investigated. The results for an
antenna at the first resonance are given in columns two
through four. Columns five through seven contain the
results for an antenna length corresponding to the third
resonance. The columns headed by “Z% (L)” show the
amount of computation time required to compute the
asymptotic portion of the impedance elements. For the
cases under consideration, the AET always took less than
of the total computation time. A comparison between
columns two and five shows that the AET is more efficient
for the longer antenna. The reason for this is that the
inequality in (63) is satisfied more often for the longer
antenna since the values of r are larger for the longer
antenna. When (63) is satisfied, the expansions in (64) and
(66) can be used to compute the integrals in (38). On the
other hand, when (63) is not satisfied, the integrals must be

TABLE 11

Typical CPU Times for the Computation of the Elements in the
Impedance Matrix for PWS Basis Functions

Antenna length

No. of 2/=234 cm 2/1=17.76 cm
basis
functions ZZ,(L) ILHIs DO1AJF 22 (L) ILHIs DO1AJF

1 0.54 s 8.38s 8.80s 0.26 s 14.82s 49.00 s
3 1.68 16.02 20.38 0.86 30.74 97.42
5 2.62 26.64 34.70 1.10 45.10 163.66
7 3.78 36.92 48.04 1.78 60.44 236.40
9 4.96 4398 58.94 2.06 72.16 283.14
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split into two pieces (see (39)) and a more time consuming
computational procedure must be applied (see Section 4).

The outer semi-infinite integrals, which were actually
truncated at L, were computed using a version of DO1AJF
which was modified to compute complex valued integrals
(see [17]). The inner angular integrals were computed
using one of two methods. The technique of decomposing
the angular integral in terms ILHIs [27] was used to obtain
the results in the columns labeled “ILHIs”; and the results
listed in the columns headed by “DO1AJF” were obtained
by applying the numerical integration routine DO1AJF
from the NAG library to the computation of the inner
angular integral. Reference to [2] shows that the NAG
adaptive quadrature routine DO1AKF was used instead of
DO1AJF in that paper. The reason for this is we found that
DO1AJF worked better for small values of L and DO1AKF
was better suited for large values of L.

A comparison between columns three and four, or six and
seven shows that the decomposition in terms of ILHIs
provides a more efficient way to compute the angular
integrals. This is especially true in the case of the longer
antenna. The advantage of employing the AET is
demonstrated by comparing the results in Table I and [2,
Table I]. The AET not only provides a dramatic improve-
ment in the computational efficiency, but it also allows for
the accurate computation of the highly oscillatory integrals
which the brute force double numerical integration routine
could not handie (see [2, Table I]).

8. CONCLUSION

In conclusion, we have demonstrated that the asymptotic
portion of the impedance elements (4) can be represented as
a series of special functions which have the general form of
(16). In addition, we have shown that recurrence can be
used to compute the special functions (16) that are required.
The application of this method to the analysis of a printed
strip dipole antenna in a layered medium demonstrated that
this novel AET provides an accurate and efficient way to
compute the elements in the impedance matrix. Also,
the computational efficiency can be further improved by
applying the techniques which were developed in [2] to the
inner angular integral.

As was mentioned in [2], the techniques which have been
developed in this paper are not restricted to PWS basis
functions. They can be used with any basis functions which
result in angular integrals which have the general form (1).

APPENDIX A: EXPANSIONS
FOR 4;, 4,, AND 4,

We will first concentrate on finding an expansion for .%,.
If we substitute [7, (58)] into the expression for .% [2,
Table IIT], then we obtain the convergent series expansion,
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R{F(A, x, 3,0, 1)} = 204 {rflur) — R {eﬁ*

_ T (e akaur)}} (55)

k=0
We can use [ 18, (8.511.4)] to rewrite the above equation as

R{A(4 x,,0,1)}

=2nd {rJl(Ar)—2y i (—1)*

k=0

xsin[(2k+1) 6,4] Jz,(H(,lr)}. (56)

Next we will obtain expansions for .#, and .#,. Since we
are looking for an expansion which holds for large values of
A, we will make use of [7,(57)]. However, before we
proceed with finding the asymptotic expansions, we will
derive some useful intermediate results.

Since we will be using [ 7, (57)], we will encounter terms
which have the form (see [2, Table III, (47), (73)])

(J1=P) (J1-F) ™"
(\/—_}ﬁ (b+c)[

cos® 0,

(57)

Ptanf)o]
—J/1-Pp?

When P=k,/A<1 and Ptanf,<1, we can use ([13],
(3.6.9) and (6.1.22)) to obtain the series expansion

(V1-P)~ (J1-F})™"

_cos"’@o‘i (FPtan 6,)" I'(m+b)
T o) 2, ((m+b+c)2) I(m+1)
X i pn F(n+}r(nn:blT C)/2); ¢=0,b2=0.
} (58)

~-=E[ea] 5,3)

Xi [(i) (2;]—11“)* 1]

Fm+k+12)Fn+m+k+1)
T2 TCm+ ) Tk+1)[(n+1)

kA k+2m+2n+1
(%)

J(Ar)

(59)
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A
feel 2r k o 2y 2m
~w 3 [25] 2 (3)
><§ k Tm+k+12)In+m+k+1)
n=0[m+k]F(l/2)1”(2m+1)F(k+1)F(n+1)

kA k+2m+2n
<Toatin ()

Referring to (59) and (60), we find that these asymptotic
expansions will only be useful when A> k ,, Ax » 2yk ,, and
Ax?> 2r. Actually, we can use [7, (76)] to show that the
asymptotic factorial-Neumann series expansion, which was
used to obtain (59) and (60), will provide the desired
accuracy if

9{ {sz('{, X, Vs kA/'l)}

(60)

1
1 10-SP |:Je0(a z)— —-]‘
Ja+1
>——2——e‘2“’2“‘/2 max(1, ja|).  (61)
l@> + 1| /nz
If we modify [7, (77)], then we find that
1
e | Jeg(a, z) — ——]’
[ ° Ja+1
2max(L1eD, ingz,z et /1)> 0. (62)

iz |a>+ 1]

Combining (61) and (62), we find that (59) and (60) will
provide the desired accuracy provided the following
inequality holds:

ir|1—F2%|>2In[2/2x10°P]. (63)

The above inequality shows that we need to find other

expansions for %, and .4, which will work when x is small.
We will first look at the special case x = 0. For this case,

we can use [7, (29); 2, Table I11, (47), (73)] to show that

L\ A/}
m{flz(l, 0,/1)', A/l)}

Also, when 4> k ,, we can use ([13], (3.6.9)) to rewrite (65)
as



2D SOMMERFELD INTEGRALS

R {flz(l, 0’/1% kA/'l)}

kX Kk
~2my [1 + A—;‘ + E%]{Jl(/ly)

N = T TGy)
= (5)2[7] r(k+3/2>}' (66)

k=0

Now we will develop an expansion which can be used
when the inequality in (63) does not hold and x #0. This
time we will use [7, (58)]. Once again it is beneficial to
derive some intermediate results. First, the terms that we
will encounter in the Neumann series expansion can be
rewritten in the following form by using [13, (3.6.8),
(6.1.21)]:

. b
Sy (1oL )
( )( JI—P?

—Jj)" I(c=m)/2+1)
Tm+1)T(b—m+1)

—rp) Y

N e VL e
X gor(n+1)r((;—m)/2—n+1)’62

n

b>0.

(67)

This result can now be used along with [7, (58); 2,
Table I11, (47), (73); 13, (3.6.9)] to obtain the expansions,

R {14 (z, % 0.0, %)}

o0 @

=ny 3 icoskBO(k—Zm)(k+l—2(m+n))

k=1 m=0 n=0
§ (=) "7+ 20k + 1) I((k +1)/2 — m)
T2m+2) Tk—2m+1) [(n+1) [((k+3)2—m—n)
ki 3kj1 kA 2m+2n+1
X|:1+W+—8_/{—4j|<7> J(Ar)

R {fn(/'t, x,}y, kA/i)}

(68)

w4+ N

1
+xcosk90<k——m) 2m+ 1)]

. (= 1) +m*ng Nk + 1) I((k + 1)/2 — m)
TQm+2) Tk—2m+1) T(n+ 1) T((k+3)2—m—n)

kz k4 k 2m+ 2n
X [1 + 7; +-ﬁ](7‘> Jk(lr)}.

581/98/2-4

(69)
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APPENDIX B: STABILITY
ANALYSIS FORj,, (L, r)

We will first use the techniques in [14] to perform a

stability analysis on (17). When # is an even integer, (17)
takes on the general form

jm,2n(L’ r) + dﬁ,)anm,Z(nnL l)(La r)

=f0h n=0,1,.., (70)
where
0 = 2n+14+m)
m,2n__———
2n+1-—m) 1)
I 22n+ 1)y J,, 4 (Lr)
™ an 2n+1—m) rL™

The recurrence relation (70) behaves differently for even
and odd values of m. When m is odd, the recurrence relation
decouples at the point 2n+ 1 —m =0. On the other hand,
when m is even the recurrence relation does not decouple.
Since (70) behaves differently for even and odd values of m,
we will have to handle the stability analysis for these two
cases separately.

We will first handle the case for even values of m. For this
case, we can use [ 13, (6.1.22); 14, (A.24)] to show that the
homogeneous solution for (70) is given by

n—1
. (1h 1 -1
]En,Z)n= l—[ [_dfn,)zk]
k=0

(I((m+1)2)1?

= T D2—n (m+ D23 0)

meven,ormoddand 0 2n<m—3. (72)

It is slightly more difficult, however, to find the
homogeneous solution for (70) for odd values of m. When
0<2n<m—3, we can once again directly apply [13,
(6.1.22); 14, (A.24)], since the forward recurrence starts at
m = 0. Doing this, we find that (72) still holds for this case.
On the other hand, when m is odd and 2n=m + 1, we will
have to modify [14, (A.24)], since the forward recurrence
will start at 2n =m + 1 (see (18)). This time we find that (see

[14])

jom= Tl
k=(m+1)2
Tn+(1-—m)2) (m+1)
- T(n+(m+1)/2) ’

modd,2n=m+ 1.

[—dl ]!

(73)
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In order to determine the stability of (70), we make use of
the index of stability (see [14, (2.17)],

i(1h) (1)

Jm2Ls 7) J s Pm>
a2k, 2n) = | | == (74)
) _]m,Zn(Ls r)] S,hz)k pg,)Zk
where
1 jm,O(LD r)jirt,hZ)n (75)
2 jm,2n(L’ r)

Before we can use (74), we need to obtain an approximation
for j,. .(L, r). When n < Lr, we can use the first term in [13,
{9.2.1)] to show that

) 2 sin(Lr — nn/2 —n/4)
.]m,n(L’ r) ~ = ;E; L7 1/2 ’

On the other hand, when n> Lr and n+ 1 >m > 1, we can
split the integral into two pieces:

n<lr.

(76)

= J(rd
oy = [ 2A)

di-r J(rh)

di. 77
e ()

Now we can use [13, (9.3.1); 18, (6.561.14)] to show that
i B N\N"I'((n+1—m)/2)
~ 1 _
JmalLo 1) T [(2) T((n+1+m)2)

_(e_L’> (Lr)' " ]
2n) Jaan(n+1-m)l

n»Lr,n+1>m>4.

(78)

We are finally at a point where we can caiculate the index
of stability for (70). We will first handle the case where m is
an even integer, or m is an odd integer and 0 < 2n < m 3.
When 2n > Lr we can use (72), (75), (78),and [13, (6.1.17)]
to show that

Prn2n Lr 372

" N(&)MH/Z Isin(Lr — 7/4)|

1 2
X [1" (%)] ; meven, 2n> Lr. (79)

On the other hand, when 2n < Lr, we can use (72), (75), and
(76) to show that

o LL((m + 1)/2)1? ,
Prmon ™ Fm+ )2—m) T((m+ 1)2+n)’

m even or m odd and

0<2n<m—-3,2n<Lr. (80)

DVORAK AND KUESTER

Therefore, if we assume that an initial value, j,, 5 (L, r), is
known, then an index of stability for the forward computa-
tion of j,, »,(L, r) from j,, ».(L, r) can be obtained by sub-
stituting (79) or (80) into (74). For the purposes of this
paper, we will be interested in computing j, (L, r) for
m=3,4,5,.. 10. When m is even, or when m is odd and
0<2n<m—3, we find that as n increases, the index of
stability will be non-increasing; thus proving that (17) can
be used stably in the forward direction (for more details, see
[147). Actually, the above results have only been proven for
the special case when # is an even integer; however, we could
have used similar techniques to prove that forward
recurrence using (17) is also stable when # is an odd integer.

Next we will handle the case when m is an odd integer and
2n=m+ 1. For this case, the forward recurrence will start
at 2n = m + 1; therefore, it will be easier to directly compute
the index of stability (74). This time we can use (73), (74),
and (78) to show that

aV(m+1,2n)~ (%) J(Lr) [(m+1);

modd,2nzm+1,2n>Lr.  (81)

Likewise, when 2n < Lr we can use (73), (74), and (76) to
show that

L
aD(m + 1, 2n) ~ /%—’ J,(Lr)

g I'n+(1—m)/2) I'(m+1) _
I'(n+ (14 m)/2) |sin(Lr —nn —n/4)|’

(82)

modd,2n=m+1,2n< Lr.

Once again we find that the index of stability (see (81) or
(82)) will be non-increasing as #n increases. Therefore, (17)
can be used stably in the forward direction for all values of
m and Lr.

Finally, we will use the techniques in [14] to handle the
stability analysis for (20). In order to simplify the analysis,
we will combine the two recurrence relations in (20),
thereby obtaining

jZm,O(L3 r)+ d(Z%r:,OjZ(m‘{— 1),0(L, r) =f(22,o, (83)

where

(2m+1)?
r2

o _ {(2m +1) Jo(Lr)

2m,0 Lr

d(zfi 0=
(84)
*Jl(Lr)}/(rLz"’).
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This time we find that the homogeneous solution is given by
(see [13, (6.1.12)1)

m—1
j(z%:;,)o(r) = H [_d(zi).o]v1
k=0

—A\T[_I02) T
=< 4 ) l:]"(m+1/2):|’ (85)
and that
@ _ [JoolL r)jsm(r)
o jlm,O(La r)
L\ _I0p) T
~<7> [F(m+ 1/2)]’ (86)

where we have made use of (76).

For even values of m, the recurrence relations in (20) will
have the same kind of behavior as that of (83). We could
have also performed a similar analysis in order to determine
the behavior of (20) for odd values of m. Actually, for
general values of m, it can be shown that the index of
stability for (83) can be written as (see [14, (2.17)])

a Pk, m)y=p 2 /pi2d, (87)
where

Jo,o(L, r)jfff'o)(r)
jm,O(L’ r)

(5] [

Using [7, (106)], we find that p, , reaches a maximum
value when m =m,,,,, where

2)

m0 "

(88)

Mooy = Int(Lr — 1). (89)
Therefore, if we use j,_ _o(L,r) as a starting function,
then reference to (87) and (88) shows that (83) can be used
stably in the forward direction to compute j,, o(L, r) for
M=mMyt+1, My, +2, .., 10, and backward recurrence
can be used stably form=m_, —1, m_,, — 2, .., 3.

APPENDIX C: EXPANSIONS FOR
THE STARTING FUNCTIONS

We will use two different techniques to compute the
starting functions j,_ . o(L,r) and j, (L,r). When
Lr>SD + 4, where SD is the number of desired significant
digits, we can use [13, (9.2.5)] to write
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. ~pm—1 g < (__l_>k
Jmal(Ls ¥)~71 /; EO 3
x {(n, 2k) {cos [g 2n+ 1)] j::
[ ©  sint
+ sin [Z 2n+ 1)] Lr ;

2k+m+1/2 dt}

(n,2k+1) i
— ——2——{cos |:Z (2n+ 1)]

cos ¢
t2k+m+ 172

dt

< sint =
ermdt—sm[ZQn«H)]

@ cos?
Xf 2k+m+3/2 dt M
Lr i

Furthermore, the integrals in the above equation can
be written in terms of incomplete gamma functions
[13,(6.5.3)]

(90)

Jw L dt=R[j* (1, jLr)]
Lr
. (91)
J Smt""=‘3[1"‘“‘1"(1—#,er)]-
Lr tu

Therefore, if we can find a way to compute the required
sequence of incomplete gamma functions, then we can use
(90) to compute the starting functions, j,, . oL, r) and
jmmax,l(L7 r)-

Incomplete gamma functions also satisfy a first-order,
non-homogeneous recurrence relation [ 13, (6.5.3), (6.5.22)],

F=n+ 424+ dDM(~(n+ D+ 1=/, (02)

where

[E IR |
d))=n+;

f(3)=24n—1/ZeAz. (93)

Applying the techniques for stability analysis in [14; 13,

(6.1.12)], we find that the homogeneous solution for (92) is
given by

n-1
o ned) T o
2 k=0

r{,2)

= (=1 Tn+172)

(94)

Also, when ze S, where

S,=[z:1L z|] <n], (95)
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it can be shown that

z|>1,n>0. (96)

Therefore, we find that the stability index is given by (see
[14, (217)])

Pk, n)=p3/p, 97)
where
o _ |TW/2,2) T (—n+t 1/2)‘
n I(—n+1/2,2z)
z"I(1/2)
~ | —— | 1. 98
T+ 1)) |z} > (98)

Once again, we can use [7, (106)] to show that p, reaches
a maximum value when n=n,,, =int(|z| — 1). Therefore,
once we obtain the starting function I'(—n,,,, + 1, z), we
can use (92) in the backward direction to obtain
I'(-n+14,z2) for n=n_,,—1,..,m,,, and we can use
forward recurrence for n=n_,, + 1, n,,, + 2, ... The con-
tinued fraction expansion [13, (6.5.31)] provides the most
efficient method for obtaining the required starting function
r(_nmax + %’ Z)'

In summary, when Lr > SD + 4, we can use [ 13, (6.5.31)]
to compute the starting function I'(—n,, + 3, jLr). Then
we can use (90) to compute the desired integrals,
Jomgag. oL 7) and j,. (L, r), where the recurrence relation
(92) is used to obtain the incomplete gamma functions in
the asymptotic expansion.

When Lr<SD +4, a different method is required for
computing the starting functions j, . o(L,r) and
Jmga1(L> 7). For this case, we find that (see (89))
M, <int(SD + 3). Therefore, if we compute the starting
functions js; o(L, r) and j;,(L, r), then (20) can be used
relatively stably in the forward direction for SD < 5. It is
true that we may loose some accuracy when we compute
Jmo(L, r) and j,, (L, r) for m=4,5, ..., 10, but the loss will
not be significant.

In order to compute these starting functions, we first split
the integral into two pieces:

. o Ju(rA)
.]3,n(L9 ry= J‘L FE

di+r¥s; (9, 1). (99)

The second integral on the right-hand side of (99) can now
be computed using (90) when SD < 5. This integral only
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needs to be computed once since it is independent of r. In
fact, we find that

J3.0(9, 1) = —3.320658 x 10~*

(100)
J31(9, 1) = —1.795596 x 10>,

Now, if we expand the Bessel function, in the other piece, in
a power series [13, (9.1.10)], and integrate term-by-term,
we find that

irt 1
oL =7 Lnal® D +5 | 5~ 57
In(Lr/9) & [9%—2—(Lr)*-2]
T T A A T 2k —2)
j3,1(L, r)=r2 {j3,1(9’ 1)

ool [92kv1_(Lr)2k—1]
+k§0 (—4)F klk+ 1) (4k—2)}'

} (101)
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